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Abstrat
Multipliative analogues of the shue elements of the braid group rings are introdued; in loal
representations they give rise to ertain graded assoiative algebras (b-shue algebras). For the
Heke and BMW algebras, the (anti)-symmetrizers have simple expressions in terms of the multi-
pliative shues. The (anti)-symmetrizers an be expressed in terms of the highest multipliative
1-shues (for the Heke and BMW algebras) and in terms of the highest additive 1-shues (for the
Heke algebras). The spetra and multipliities of eigenvalues of the operators of the multipliation
by the multipliative and additive 1-shues are examined.
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1 Braid shues
In this setion we ollet some neessary information on shue elements in the braid group rings.
In the Artin presentation, the braid group BM+1 is given by generators σi, 1 ≤ i ≤M , and relations
σiσjσi = σjσiσj if |i− j| = 1 , (1)
σiσj = σjσi if |i− j| > 1 . (2)
The indutive limit B∞ = lim
−→
BM is dened by inlusions BM → BM+1, BM ∋ σi 7→ σi ∈ BM+1,
i = 1, . . . ,M − 1.
We denote w↑ℓ, as in [28℄, the image of an element w ∈ B∞ under the endomorphism of B∞,
sending σi to σi+ℓ, i = 1, 2, . . . (we keep the same notation for the Heke and BMW quotients of the
braid group rings).
Braid shue elements Xm,n (m,n ∈ Z≥0) are analogues of the binomial oeients. The shue
elements belong to the group ring of Bm+n (and thereby of B∞); they an be dened indutively by
any of the reurrene relations (braid analogues of the Pasal rule)
Xm,n = Xm−1,n +Xm,n−1σm+n−1 · · · σn , (3)
Xm,n = X
↑1
m,n−1 +X
↑1
m−1,nσ1 · · · σn , (4)
together with the boundary onditions X0,n = 1 and Xn,0 = 1 for any non-negative integer n.
Let Σn be the lift [23℄ of the symmetrizer
∑
g∈Sn
g from the symmetri group ring ZSn to ZBn.
The element Σn is the braid analogue of n!; it satises
Σm+n =Xn,mΣmΣ
↑m
n . (5)
Using the automorphism a and the anti-automorphism b, b(xy) = b(y)b(x), of the braid group Bn+1,
dened on the generators by
a : σi 7→ σn+1−i , b : σi 7→ σi , (6)
and their omposition, one obtains three more deompositions of Σ.
Higher shues (braid analogues of the trinomial et. oeients) appear in the further deompo-
sitions of the elements Σn,
Σm+n+k =


Xn+k,mΣmΣ
↑m
n+k =Xn+k,mX
↑m
k,nΣmΣ
↑m
n Σ
↑m+n
k ,
Xk,m+nΣm+nΣ
↑m+n
k =Xk,m+nXn,mΣmΣ
↑m
n Σ
↑m+n
k .
(7)
Due to the existene of a (one-sided) order on the braid groups [5℄, the braid group rings ZBn have no
zero divisors. Equating the two expressions for Σm+n+k in (7) and simplifying, one nds
Xn+k,mX
↑m
k,n =Xk,m+nXn,m . (8)
2
A diret veriation of (8) is a good exerise. Any of the expressions in (8) is the braid trinomial
oeient Xk,n,m. The element Σn is the shue X1,1,...,1.
We shall later use the following identity
X1,n−1X1,n−2 . . .X1,n−k =Xk,n−kΣ
↑n−k
k , (9)
whih is veried by indution. For k = 1 there is nothing to prove. The indution step uses (8) and
then (5):
Xk,n−kΣ
↑n−k
k X1,n−k−1 = Xk,n−kX1,n−k−1Σ
↑n−k
k
= Xk+1,n−k−1X
↑n−k−1
k,1 Σ
↑n−k
k =Xk+1,n−k−1Σ
↑n−k−1
k+1 .
(10)
Shue elements nd numerous appliations in the theories of free Lie algebras, polylogarithms and
multiple zeta values, Hopf algebras, dierential alulus on quantum groups, homology of quantum Lie
algebras, braidings of tensor spaes et. [29℄, [3℄, [26℄, [1℄, [30℄, [34℄, [15℄, [8℄, [9℄.
2 B-shue algebras
In this setion we reall the denition of the NiholsWoronowiz algebras and onstrut, with the help
of the baxterized elements, another family of graded assoiative algebras in the tensor spaes of loal
representations of the braid groups.
1. Let V be a vetor spae over a eld k. For an operator X ∈ End(V ⊗j) we denote by the same
symbol the operator X ⊗ Id⊗l ∈ End(V ⊗(j+l)) for any l ∈ Z≥0; X
↑l
denotes the operator Id⊗l ⊗X ∈
End(V ⊗(j+l)).
Let {Tm,n}m,n∈Z≥0 be a olletion of operators, Tm,n ∈ End(V
⊗(m+n)), suh that
Tn+k,m T
↑m
k,n = Tk,m+n Tn,m ∀ m,n, k ∈ Z≥0 . (11)
For tensors u ∈ V ⊗m and v ∈ V ⊗n let
u⊙ v := Tn,m(u⊗ v) ∈ V
⊗(m+n) . (12)
Due to (11), the spae
⊕
j V
⊗j
with the omposition law ⊙ is an assoiative graded algebra. Assume,
in addition, that
Tm,0 = Id and T0,m = Id ∀ m ∈ Z≥0 (13)
(then 1 ∈ k ≡ V ⊗0 is the identity element of the algebra). By (11) and (13), the following olletion
{Sm}m∈Z≥0 of operators, Sm ∈ End(V
⊗m),
S0 = Id , S1 = Id , Sm+n = Tn,m Sm S
↑m
n ∀ m,n ∈ Z≥0 , (14)
is well dened. The operation ⊙ restrits on
⊕
j Im(Sj), the diret sum of images of the operators Sj ,
making it an assoiative graded algebra as well.
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Let Rˆ ∈ End(V ⊗ V ) be a solution of the Yang-Baxter equation, that is, RˆRˆ↑1Rˆ = Rˆ↑1RˆRˆ↑1.
Denote by ρ
Rˆ
the orresponding loal representation of the braid groups Bn, ρRˆ(σi) := Rˆ
↑(i−1)
. Then
the olletion Tm,n := ρRˆ(Xm,n) obeys (11) and (13). The spae
⊕
j ImρRˆ(Σj) with the omposition
law ⊙ is alled NiholsWoronowiz algebra.
2. The braid group rings admit a family of automorphisms σi 7→ t σi, where t ∈ k
∗
is an arbitrary
parameter. The formal limits lim
t→0
(the lowest power in t) and lim
t→∞
(the highest power in t) of the
elements Σm, Xm,n and the operation ⊙ are well dened. For t → 0 we obtain the usual tensor
algebra, while for t → ∞ the element Σn+1 beomes the lift of the longest element of the symmetri
group Sn+1 to Bn+1,
Σ¯n+1 = (σ1σ2 . . . σn)(σ1 . . . σn−1) . . . (σ1) . (15)
The shue elements, in the limit lim
t→∞
, beome the elements X¯m,n whih, in a representation in a
vetor spae V , equip the tensor powers of V with the standard braidings; the reurreny relations (3)
and (4) take the multipliative form for X¯m,n,
X¯m,n = X¯m,n−1σm+n−1 . . . σn , X¯m,n = X¯
↑1
m−1,nσ1 . . . σn . (16)
Expliitly,
X¯m,n =


(
σmσm+1 . . . σm+n−1
)(
σm−1σm . . . σm+n−2
)(
σ1σ2 . . . σn
)
,(
σmσm−1 . . . σ1
)(
σm+1σm . . . σ2
)(
σm+n−1σm+n−2 . . . σn
)
.
(17)
In addition to (16), the elements X¯m,n satisfy
X¯m,n = σm . . . σ1X¯
↑1
m,n−1 , X¯m,n = σm . . . σm+n−1X¯m−1,n . (18)
3. In this setion we shall onstrut another olletion Tm,n starting with the elements σk(x, y),
satisfying the Yang-Baxter equation with spetral parameters
σk(xk+1, xk+2)σk+1(xk, xk+2)σk(xk, xk+1) = σk+1(xk, xk+1)σk(xk, xk+2)σk+1(xk+1, xk+2) (19)
and the loality ondition
σk(xk, xk+1)σl(xl, xl+1) = σl(xl, xl+1)σk(xk, xk+1) if |k − l| > 1 . (20)
Here xk are variables (spetral parameters). Depending on the situation, the elements σk(x, y) an
live in ertain quotients of the braid group rings or be realized as operators. We shall all σk(x, y)
baxterized elements (usually the term "baxterized" is applied when σ(x, y) is a funtion of the solution
σ of the onstant Yang-Baxter equation).
Let πk be the operator whih permutes the variables xk and xk+1,
πkf(. . . , xk, xk+1, . . . ) = f(. . . , xk+1, xk, . . . )πk .
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Relations (19) and (20) aquire the braid form (1) and (2) for the elements
σk := πkσk(xk, xk+1) . (21)
The unitarity ondition σk(xk, xk+1)σk(xk+1, xk) = 1 (if imposed) for the baxterized elements takes
the form σ2k = 1 for the elements (21).
The operators πk obey the braid group relations; prepare the elements X¯m,n{π} and Σ¯m{π} from
π's; the elements X¯m,n{σ} and Σ¯m{σ} built from σ's an be written, after moving all π's to the left,
in the form
X¯m,n{σ} = X¯m,n{π}X˜m,n(x1, . . . , xm+n) , Σ¯m{σ} = Σ¯m{π}Σ˜m(x1, . . . , xm) , (22)
where
X˜m,n(x1, . . . , xm+n) =
(
σm(x1, xm+n)σm+1(x2, xm+n) . . . σm+n−1(xn, xm+n)
)
·
(
σm−1(x1, xm+n−1)σm(x2, xm+n−1) . . . σm+n−2(xn, xm+n−1)
)
. . .
(
σ1(x1, xn+1)σ2(x2, xn+1) . . . σn(xn, xn+1)
) (23)
and
Σ˜m(x1, . . . , xm) =
(
σ1(xm−1, xm)σ2(xm−2, xm) . . . σm−1(x1, xm)
)
·
(
σ1(xm−2, xm−1)σ2(xm−3, xm−1) . . . σm−2(x1, xm−1)
)
. . .
(
σ1(x1, x2)
)
.
(24)
The elements X¯m,n{π} and Σ¯n{π} are invertible and obey the relations (5), (8), (16) and (18);
substituting (22) into (5), (8), (16) and (18), moving all π's to the left and simplifying, we nd relations
for Σ˜'s and X˜'s alone. The relations (16) and (18) take the form
X˜m,n(x1, . . . , xm+n)=


X˜m,n−1(xˆn)σm+n−1(xn, xm+n)σm+n−2(xn, xm+n−1). . .σn(xn, xn+1),
X˜
↑1
m−1,n(xˆn+1)σ1(x1, xn+1)σ2(x2, xn+1). . .σn(xn, xn+1),
σm(x1, xm+n)σm−1(x1, xm+n−1). . .σ1(x1, xn+1)X˜
↑1
m,n−1(xˆ1),
σm(x1, xm+n)σm+1(x2, xm+n). . .σm+n−1(xn, xm+n)X˜m−1,n(xˆm+n}),
(25)
where "xˆj" means that the argument xj is omitted. For a set
−→x = {x1, . . . , xn} of arguments, let
←−x := {xn, . . . , x1} be the reversed set. The relation (5) beomes:
Σ˜m+n(
−→x ,−→y ) = X˜n,m(
←−x ,←−y ) Σ˜m(
−→x ) Σ˜↑an (
−→y ) , (26)
where
−→x = {x1, . . . , xm} and
−→y = {y1, . . . , yn}; the relation (8) beomes
X˜n+k,m(
−→x ,−→z ,−→y )X˜↑mk,n(
−→y ,−→z ) = X˜k,m+n(
−→y ,−→x ,−→z )X˜n,m(
−→x ,−→y ) , (27)
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where
−→x = {x1, . . . , xm},
−→y = {y1, . . . , yn} and
−→z = {z1, . . . , zk}.
After the removal of all π's, one an give values to the spetral variables. Eah Σ˜m an be evaluated
on its own sequene ~x(m) = (x
(m)
1 , . . . , x
(m)
m ). In the relation (26), the beginning of the sequene
for Σ˜m+n beomes the beginning of the sequene for Σ˜m while its end beomes the beginning of
the sequene for Σ˜n. This is a strong restrition; if it is imposed on the sequenes themselves, the
general solution is that eah x
(m)
j is equal to one and the same number. However, assume that
the baxterization is "trigonometri", the baxterized elements depend on the ratio of the spetral
parameters, σ(x, y) = σ(x/y). The Yang-Baxter equation then reads
σn(x)σn−1(xy)σn(y) = σn−1(y)σn(xy)σn−1(x) . (28)
Now Σ˜m(~x
(m)) = Σ˜m(α~x
(m)) for an arbitrary onstant α 6= 0 and the general solution of the restritions
imposed by (26) for the projetivized sequenes is (x
(m)
1 , . . . , x
(m)
m ) = (1, s−1, s−2, . . . , s1−m), the geo-
metri progression. Denote Σ˜m(1, s
−1, s−2, . . . , s1−m) by
s
Σm and X˜m,n(s
1−n, . . . , 1, s1−m−n, . . . , s−n)
by
s
Xm,n. Expliitly:
s
Σm =
(
σ1(s)σ2(s
2) . . . σm−1(s
m−1)
)(
σ1(s)σ2(s
2) . . . σm−2(s
m−2)
)
. . .
(
σ1(s)
)
(29)
and
s
Xm,n =
(
σm(s) . . . σm+n−1(s
n)
)(
σm−1(s
2) . . . σm+n−2(s
n+1)
)(
σ1(s
m) . . . σn(s
m+n−1)
)
. (30)
The elements
s
Xm,n obey the relation (8). Therefore, in a loal representation ρ, the olletion
Tm,n := ρRˆ(
s
Xm,n) obeys (11) and (13) and denes a one parameter family of graded assoiative
algebras on
⊕
j V
⊗j
together with the subalgebras on
⊕
j Im(Sj) (now Sm = ρRˆ(
s
Σm)), whih we
propose to all b-shue algebras ("b" from "baxterized"; maybe the term "bue" would be an apt
aronym).
It is known that the element Σ¯ admits redued expressions starting (or ending) with σj for every
j = 1, . . . ,m− 1. In partiular, Σ¯{σ} an start (or end) with every σj . It follows that Σ˜m(x1, . . . , xm)
an start (or end) with σj(xj , xj+1) for every j. We shall use this for the trigonometri σ's:
s
Σm has a reduced expression of the form σj(s) · (. . . ) or (. . . ) · σj(s) ∀ j = 1, . . . ,m− 1 . (31)
The baxterization is known for the Heke and BMW quotients of the braid group rings; it is
trigonometri. In the next setion we disuss the baxterized olletions for these quotients.
4. Remarks. (a) We suggest another natural soure for olletions Tm,n satisfying (11) and (13).
Let A be a Hopf algebra. Assume that A admits a twist F , that is, an element F ∈ A⊗A whih
satises
F · (∆⊗ Id)(F) = F↑1 · (Id⊗∆)(F) . (32)
Here ∆ is the oprodut and ↑ is the shift in the opies of A in A⊗j . Dene Fm,0 := 1, F0,m := 1,
m ∈ Z≥0, and
Fm,n := ∆
m−1 ⊗∆n−1(F) , m, n ∈ Z≥1 . (33)
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It is straightforward to verify that
Fk,mFm+k,n = F
↑k
m,nFk,m+n (34)
(for m = n = k = 1 this is (32); by indution, Idi−1 ⊗∆ ⊗ Idm+n+k−i inreases k by 1 for 1 ≤ i ≤ k,
m by 1 for k < i ≤ m+ k and n by 1 for m+ k < i ≤ m+ n+ k).
Therefore, given a representation ρ of A, the relations (11) and (13) hold for
Tm,n := ̟ ◦ ρ
⊗(m+n)(Fn,m) ,
where̟ is any operation whih reverses the order of terms in both sides of (34) (it an be a transposition
or, if Fm,n are invertible for all m and n, an inversion).
It might be of interest to investigate this type of olletions Tm,n for the twists [14℄ orresponding
to BelavinDrinfeld triples.
(b) Assume, in addition, that F satises
(∆⊗ Id)(F) = F{1,3}F{2,3} , (Id⊗∆)(F) = F{1,3}F{1,2} , (35)
where F{i,j} is the element F loated in the opies number i and j in A⊗A⊗ . . . ; for example, for a
quasi-triangular Hopf algebra, F an be the universal R-matrix. Then
Fm,n =
(
F{1,m+n} . . .F{m,m+n}
)(
F{1,m+n−1} . . .F{m,m+n−1}
)
. . .
(
F{1,m+1} . . .F{m,m+1}
)
(36)
(in eah braket the rst index inreases from 1 to m, the seond one is onstant); this formula gen-
eralizes the formula ∆⊗∆(R) = R{1,4}R{2,4}R{1,3}R{2,3} used in the theory of quasi-triangular Hopf
algebras for establishing properties of the element giving the square of the antipode by onjugation,
see, e.g., [27℄, hapter 4. It follows from (36) that
Fm,n =
(
F{1,m+n}F{1,m+n−1} . . .F{1,m+1}
)
F↑1m−1,n . (37)
Given a representation ρ of A on a vetor spae V , let Pi be the ip operator in the opies number i and
i+1 of the spae V in V ⊗V ⊗ . . . ; let F := ρ⊗2(F) and Fˆ := P1F ; for an operator X ∈ End(V ⊗V )
denote by X{i,j} the operator X ating in the opies number i and j of the spae V in V ⊗ V ⊗ . . .
and let Xi := X{i,i+1}. Then
ρ⊗(m+n)(Fm,n) = X¯m,n{P}X¯n,m{Fˆ} , (38)
where X¯m,n{P} are built from P 's and X¯n,m{Fˆ} from Fˆ 's. Indeed, by (37) and indution,
ρ⊗(m+n)(Fm,n) =
(
F{1,m+n} . . . F{1,m+1}
)
X¯
↑1
m−1,n{P}X¯
↑1
n,m−1{Fˆ}
=
(
P{1,m+n} . . . P{1,m+1}
)(
Fˆm+n−1Fˆm+n−2 . . . Fˆm+1Fˆ{1,m+1}
)
X¯
↑1
m−1,n{P}X¯
↑1
n,m−1{Fˆ} .
(39)
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Use now (
Fˆm+n−1Fˆm+n−2 . . . Fˆm+1Fˆ{1,m+1}
)
X¯
↑1
m−1,n{P} = X¯
↑1
m−1,n{P}
(
FˆnFˆn−1 . . . Fˆ1
)
, (40)
the rst reursion relelation in (18) for X¯n,m{Fˆ} and(
P{1,m+n} . . . P{1,m+1}
)
X¯
↑1
m−1,n{P} = X¯
↑1
m−1,n{P}
(
P{1,n+1}P{1,n} . . . P{1,2}
)
= X¯↑1m−1,n{P}
(
P1P2 . . . Pn
)
= X¯m,n{P}
(41)
(by the seond reurreny relation in (16) for X¯m,n{P}) to nish the proof of (38).
Thus the elements Fm,n an be regarded as the universal (in the Hopf algebra theoretial sense)
ounterpart of the elements X¯m,n.
() We desribe an operation whih transforms a olletion Tm,n satisfying (11) and (13) into another,
"dual", olletion Tˇm,n satisfying (11) and (13).
Keep the notation from the previous remark. Let X ∈ End(V ⊗m) and Y ∈ End(V ⊗n) be two
operators. Then
X¯m,n{P}X
↑nY = XY ↑mX¯m,n{P} . (42)
Dene Tˇm,n by
Tm,n := Tˇn,mX¯m,n{P} or Tˇm,n := Tn,mX¯m,n{P} . (43)
The equivalene of two denitions follows from
X¯m,n{P}
−1 = X¯n,m{P} . (44)
The relation (13) is satised for the olletion Tˇm,n. The relation (11) reads, by (42),
Tˇm,n+kTˇn,kX¯n+k,m{P}X¯
↑m
k,n{P} = Tˇm+n,kTˇ
↑k
m,nX¯k,m+n{P}X¯n,m{P} . (45)
Sine
X¯n+k,m{P}X¯
↑m
k,n{P} = X¯k,m+n{P}X¯n,m{P} (46)
it follows that the relation (11) is as well satised for the olletion Tˇm,n.
With the help of the identity Σ¯m{P}
2 = Id, it is straightforward to verify that the olletion Sˇm
for Tˇm,n is given by
Sˇm = SmΣ¯m{P} . (47)
3 Heke and BMW algebras
In the sequel we all the elements Xm,n additive shues and
s
Xm,n multipliative shues. In this
setion we derive the sequenes of the (anti-)symmetrizers for the Heke and BMW algebras with the
help of the multipliative shues. We ompare the multipliative versions with known expressions for
the (anti-)symmetrizers.
8
We derive a new expression for the (anti-)symmetrizers in terms of the highest multipliative 1-
shues alone and, for the Heke algebras, in terms of the highest additive 1-shues alone.
In priniple, the Heke algebras an be onsidered as quotients of the BMW algebras and many
formulas for the Heke algebras an be obtained from this point of view. Beause of importane of the
Heke algebras we prefer however to treat them separately.
3.1 Heke algebras
1. The tower of the A-Type Heke algebras HM+1(q) (see e.g. [19℄ and referenes therein) depends
on a parameter q ∈ k∗; the algebra HM+1(q) is the quotient of the braid group ring kBM+1 by
σ2i = (q − q
−1)σi + 1 , i = 1, . . . ,M . (48)
For q2 6= 1, the baxterized elements have the form
σi(x) :=
1
q − q−1
(xσi − x
−1σ−1i ) ; (49)
they are normalized, σi(1) = 1, and satisfy the unitarity ondition
σi(x)σi(x
−1) = 1−
(x− x−1)2
(q − q−1)2
. (50)
2. The symmetrizers Sn, n = 1, . . . ,M + 1, ([18℄, [32℄, [10℄) are the non-zero elements,
S1 = 1 , Sn ∈ Hn(q) ⊂ HM+1(q) , (51)
whih satisfy
σiSn = Snσi = qSn , i = 1, . . . , n− 1 , (52)
whih fores S2n ∼ Sn; they are normalized by
S2n = Sn . (53)
The sequene {Sn} is dened by (51), (52) and (53) uniquely (and it does exist for the Heke quotients
for generi q); the anti-symmetrizers are related to the symmetrizers by the isomorphisms HM+1(q)→
HM+1(−q
−1), σi 7→ σi.
3. The symmetrizers an be quikly onstruted with the help of the baxterized elements. Let [n]q :=
(qn − q−n)/(q − q−1), [n]q! := [1]q[2]q · · · [n]q and [n]
$
q := [1]q![2]q! · · · [n]q!. By (31), σi
q
Σn =
q
Σnσi =
q
q
Σn, or, equivalently, σi(q)
q
Σn = [i+ 1]q
q
Σn, so (
q
Σn)
2 = [n]$q
q
Σn and
Sn =
1
[n]$q
q
Σn . (54)
In partiular, the symmetrizers satisfy the reurrent relation
Sn =
1
[n]q!
q
X1,n−1Sn−1 . (55)
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4. We reall several other forms of the symmetrizers and ompare them with (54) and (55). A
onvenient reurrent relation for the symmetrizers is (see e.g. [17℄, [11℄):
Sn = Sn−1
σn−1(q
n−1)
[n]q
Sn−1 . (56)
This is heked either by verifying (51), (52) and (53) and then by uniqueness or, using (55), by the
following alulation:
[n]q!Sn = σ1(q) . . . σn−2(q
n−2)σn−1(q
n−1)Sn−1 = σ1(q) . . . σn−2(q
n−2)σn−1(q
n−1)Sn−2Sn−1
= σ1(q) . . . σn−2(q
n−2)Sn−2σn−1(q
n−1)Sn−1 = Sn−1σn−1(q
n−1)Sn−1 .
(57)
Denote X1,n{qσ} (the additive shue built with the qσ1, . . . , qσn−1) by x1,n. There is another
reurrent relation for the symmetrizers in terms of the additive shues:
Sn =
q1−n
[n]q
x1,n−1Sn−1 . (58)
In other words,
Sn =
q−
n(n−1)
2
[n]q!
Σn{qσ} . (59)
This is heked again either by verifying (51), (52) and (53) and then by uniqueness or, using (56), by
indution:
[n]qSn = Sn−1σn−1(q
n−1)Sn−1 =
q2−n
[n−1]q
x1,n−2Sn−2σn−1(q
n−1)Sn−1
= q
2−n
[n−1]q
x1,n−2σn−1(q
n−1)Sn−1 =
q2−n
[n−1]q
x1,n−2
(
[n− 1]qσn−1 + q
1−n
)
Sn−1
= q
2−n
[n−1]q
(
[n− 1]qx1,n−2σn−1 + q
−1[n− 1]q
)
Sn−1 = q
1−n
x1,n−1Sn−1 .
(60)
We stress that the fators
1
[n]q!
q
X1,n−1 in (55) and
q1−n
[n]q
x1,n−1 in (58) dier; the multipliative and
additive shues do not oinide although their produts  the symmetrizers  do.
5. It turns out that the symmetrizer Sn an be expressed in terms of the multipliative 1-shue
q
X1,n−1 or in terms of the additive 1-shue x1,n−1 only.
For the additive shue, we prove by indution that, for k = 1, . . . , n− 1,
k−1∏
j=0
(x1,n−1 − q
j−1[j]q) = q
k(k−1)
x1,n−1x1,n−2 . . .x1,n−k . (61)
For k = 1 there is nothing to prove. Assume that (61) holds for some k < n − 1. By (9), the right
hand side is divisible, from the right, by S
↑(n−k)
k . Multiply (61) by the fator (x1,n−1− q
k−1[k]q) from
the right and substitute, in the right hand side,
x1,n−1 = x
↑(n−k)
1,k−1 + q
k
x1,n−1−kσn−k . . . σn−1
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in this fator. Sine S
↑(n−k)
k x
↑(n−k)
1,k−1 = q
k−1[k]qS
↑(n−k)
k , the produt in the right hand side simplies,
x1,n−1x1,n−2 . . .x1,n−k(−q
k−1[k]q +x
↑(n−k)
1,k−1 + q
k
x1,n−1−kσn−k . . . σn−1)
= qkx1,n−1x1,n−2 . . .x1,n−kx1,n−1−kσn−k . . . σn−1 = q
2k
x1,n−1x1,n−2 . . .x1,n−1−k
(62)
(in the last equality we again used (9) forx1,n−1x1,n−2 . . .x1,n−kx1,n−1−k), establishing the indution
step.
In partiular, at k = n− 1, we obtain, by (58), the expression of Sn in terms of x1,n−1,
Sn =
q−
(n−1)(3n−4)
2
[n]q!
n−2∏
j=0
(x1,n−1 − q
j−1[j]q) . (63)
6. For the multipliative shue, we prove by indution that, for k = 1, . . . , n,
(
q
X1,n)
k =
[n+ 1− k]$q ([n + 1]q!)
k
[n]$q
q
X1,n
q
X1,n−1 . . .
q
X1,n+1−k . (64)
For k = 1 there is nothing to prove. Assume that (61) holds for some k < n. The relations (5)
and (8) hold for Σm =
q
Σm and Xm,n =
q
Xm,n. Therefore, (9) holds as well and the produt
q
X1,n
q
X1,n−1 . . .
q
X1,n−k is divisible, from the right, by
q
Σ
↑(n−k)
k+1 . The indution step is:
q
X1,n . . .
q
X1,n+1−k ·
q
X1,n =
q
X1,n . . .
q
X1,n+1−k
q
X1,n−k · σn−k+1(q
n−k+1) . . . σn(q
n)
=
[n+ 1]q!
[n+ 1− k]q!
q
X1,n
q
X1,n−1 . . .
q
X1,n+1−k
q
X1,n−k ,
(65)
sine Sn+1σk(q
k) = [k + 1]qSn+1, k = 1, . . . , n.
In partiular, at k = n, we obtain, by (54), the expression of Sn in terms of
q
X1,n,
Sn+1 =
( 1
[n+ 1]q!
q
X1,n
)n
. (66)
7. Remark. Let Rˆ be a Heke YangBaxter matrix and ρ
Rˆ
the orresponding loal representation
of the tower of the Heke algebras. The symmetrizers Sj built with T
′
m,n = ρRˆ(
s
Xm,n), at s = q, are
the same as the symmetrizers built with T ′′m,n = ρRˆ(Xm,n{tσ}), at t = q (the symmetrizers oinide
at s2 = q2 and t = q or s2 = q−2 and t = −q−1, these are the values for the anti-symmetrizers;
the symmetrizers oinide trivially at s2 = 1 and t = 0; otherwise the symmetrizers for {T ′m,n} and
{T ′′m,n} dier). Therefore, for the Heke algebras, the b-shue algebra on
⊕
j Im(Sj) oinides with the
NiholsWoronowiz algebra (or the symmetri algebra of the quantum spae). Indeed, the omposition
law (12) on
⊕
j Im(Sj) an be written in the following equivalent form:
u⊙ v := Sm+n(u
′ ⊗ v′) , (67)
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where u = Smu
′
and v = Snv
′
. Also, Im(Sj) ≃ V
⊗j/Ker(Sj), and the algebra on
⊕
j Im(Sj) an be
dened alternatively as the algebra on
⊕
j V
⊗j/Ker(Sj) with the omposition law
u¯ ◦ v¯ := u⊗ v mod Ker(Sm+n) , (68)
where u¯ ∈ V ⊗m/Ker(Sm) and v¯ ∈ V
⊗n/Ker(Sn); u ∈ V
⊗m
and v ∈ V ⊗n are representatives of u¯ and v¯,
respetively. In the formulations (67) or (68), the algebra on
⊕
j Im(Sj) or
⊕
j V
⊗j/Ker(Sj) depends
only on the olletion {Sj}; the omposition laws (67) or (68) are well dened if Sm+n is divisible by
Sm and S
↑m
n from the right (whih is, in general, weaker than Sm+n = Tn,m Sm S
↑m
n ); when, say, the
representative u of u¯ hanges, u ∼ u+ δu, Sm(δu) = 0, so δu ⊗ v ∈ Ker(Sm+n) and the produt u¯ ◦ v¯
does not hange, u⊗ v ≡ (u+ δu)⊗ v mod Ker(Sm+n).
However, the algebras on the spae
⊕
j V
⊗j
, built with T ′m,n or T
′′
m,n, are very dierent, as it is
seen, for example from the omparison of the spetra of the multipliative and additive 1-shues in
Setion 4. The olletions {T ′m,n} and {T
′′
m,n} seem to have dierent ranges of appliability (already
for the BMW algebras, the symmetrizers for these two olletions do not oinide).
3.2 BMW algebras
The tower of the Birman-Murakami-Wenzl algebras BMWM+1(q, ν) was introdued in [24℄ and [2℄; it
depends on two parameters, q ∈ k∗ and ν ∈ k \ {0, q,−q−1}. For q2 6= 1, the algebra BMWM+1(q, ν) is
the quotient of the braid group ring kBM+1 by
κiσi = σiκi = νκi , (69)
κiσi−1κi = ν
−1κi , κiσ
−1
i−1κi = νκi , (70)
where the elements κi are dened by
σi − σ
−1
i = (q − q
−1)(1− κi) . (71)
The Heke quotient is κi = 0.
For q2 6= 1, the baxterized elements have the form ([20℄, [25℄, [16℄, [13℄)
σi(x) := x
−1
(
1 +
x2 − 1
q − q−1
σi +
x2 − 1
1− ν−1q−1x2
κi
)
. (72)
Their lassial ounterparts (for the Brauer algebras) were found in [35℄. The elements (72) are
normalized, σi(1) = 1, and satisfy the same unitarity onditions (50). The spetral deomposition of
the generator σi ontains three idempotents. The basi symmetrizer (the idempotent orresponding
to the eigenvalue q) is proportional to σi(q). However, σi(q
−1) is a mixture of two other idempotents.
There are again isomorphisms ι : BMWM+1(q, ν) ≃ BMWM+1(−q
−1, ν), σi 7→ σi. The formula (72)
is not invariant under ι. The basi anti-symmetrizer (the idempotent orresponding to the eigenvalue
−q−1) is proportional to ι−1(σ(x)) at x = q.
Again, the symmetrizers Sn, n = 1, . . . ,M + 1, are the non-zero elements, whih satisfy
S1 = 1 , Sn ∈ BMWn(q) ⊂ BMWM+1(q) , (73)
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(52) and (53); they exist and are dened uniquely by the onditions (73), (52) and (53).
Again, with the knowledge of the baxterized elements, one onstruts the symmetrizers imme-
diately: they are given by the same formula (54) and satisfy the same reurrene (55); the anti-
symmetrizers are related to the symmetrizers by the isomorphisms ι.
The reurreny (56) holds for the BMW symmetrizers as well (it was used in [31℄,[7℄); it is derived
from the baxterized form of the symmetrizers by the same alulation (57).
The reurreny relation (58) does not hold for the BMW symmetrizers; the additive shues have to
be modied. A version of suh modiation was suggested in [12℄ and an be derived by a alulation
similar to (60). For the Heke algebras the expansions of the produts x1,n−1x1,n−2 . . .x1,n−k ontain
only redued words; this is not any more so for the modied shues for the BMW algebras, the
expansions ontain similar terms (in a monomial basis, like the one suggested in [21℄) and the formulas
are not as elegant as for the Heke algebras.
The formula (66) holds, with the same derivation, for the BMW symmetrizers.
4 Spetrum of 1-shues
Polynomial identities for the multipliative (for the Heke and BMW algebras) and additive (for the
Heke algebras) 1-shues follow, as a by-produt, from (66) and (63). We establish the multipliities
of the eigenvalues in this setion. The polynomial identity for the additive shue was disovered
in [33℄ for the symmetri groups and generalized to the Heke algebras in [22℄ with the help of the
interpretation of the Heke algebras in terms of ag manifolds over nite elds. The multipliities of
the eigenvalues of the additive shues were obtained in [6℄ for the symmetri groups. We propose a
dierent approah to the alulation of the multipliities for the Heke algebras; our method uses the
traes of the operators of the left multipliation by the additive shues.
Let u ∈ Hn(q) ⊂ Hm(q), m ≥ n. Denote by Lu the operator of the left multipliation by u,
Lu : Hm(q)→ Hm(q), Lu(x) := ux. We denote by TrHm (Lu) the trae of the operator Lu, onsidered
as the operator on Hm(q).
1. We start with the multipliative shues. Sine
q
X1,nSn+1 = [n+ 1]q!Sn+1 , (74)
we nd, multiplying (66) by (
q
X1,n− [n+1]q!), the following polynomial identity for the multipliative
shue
(
q
X1,n)
n (
q
X1,n − [n+ 1]q!) = 0 , (75)
whih holds for both Heke and BMW algebras. This is the minimal polynomial, already for the Heke
algebras. It is seen without alulations in the Burau representation [4℄ of Hn+1,
σj(q
j) 7→ [j + 1]q Idj−1 ⊕
(
q−j [j]q
[j]q q
j
)
⊕ [j + 1]q Idn−j . (76)
If the minimal polynomial is ti(t− [n+1]q!) with i < n (the eigenvalue [n+1]q! is present due to (74))
then Sn+1 is proportional to the smaller than n power of
q
X1,n. The matrix of the element σj(q
j)
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in the Burau representation has only one non-zero entry under the main diagonal, on the intersetion
of (j + 1)-st line and j-th olumn. Therefore, the matrix of
q
X1,n has only one sub-diagonal lled
with (possibly) non-zeros. However, the matrix of Sn+1 is proportional to the Hankel type matrix
Aij := q
i+j
; a smaller than n power of the matrix of
q
X1,n has zero in the very left entry of the bottom
line and annot be equal to the matrix of Sn+1.
Thus, the element
q
X1,n is not semi-simple for n > 1; the semi-simple part of
q
X1,n is [n+1]q!Sn+1
and the eigenvalue [n + 1]q! is simple (the rank of the projetor LSn+1 on Hn+1(q) is one, beause
Sn+1σj = qSn+1, j = 1, . . . , n).
2. Similarly, multiplying (63) by (x1,n−1 − q
1−n[n]q), we nd the following polynomial identity for
the additive shue (
x1,n−1 − q
1−n[n]q
) n−2∏
j=0
(
x1,n−1 − q
1−j [j]q
)
= 0 . (77)
The q-numbers q1−j[j]q ≡ 1+ q
2 + · · ·+ q2j−2, j = 1, 2, . . . , are polynomials in q, linearly independent
over Z. Therefore, there is a unique integer ombination
∑
j∈{1,2,...,n−2,n} njq
1−j[j]q , nj ∈ Z, of these
q-numbers, whih is equal to the trae of Lx1,n−1 ; the oeients nj in this ombination are the
multipliities of the eigenvalues q1−j [j]q , j > 0. The multipliity n0 of the eigenvalue 0 is xed by∑
nj = dim(Hn(q)) ≡ n!. Thus, the presene of the parameter q gives a simple way to alulate the
multipliities.
Lemma 1. (i) If u ∈ Hj then
Tr
Hj+1
(Lu) = TrHj+1 (Lu↑1) = (j + 1)TrHj (Lu) . (78)
(ii) Tr
Hj+1
(Lσ1σ2...σj ) = (q − q
−1)Tr
Hj
(Lσ1σ2...σj−1) , j > 0 . (79)
(iii) Tr
Hj
(Lσk−l+1...σk−1σk) =
j!
(l + 1)!
(q − q−1)l , j > k ≥ l . (80)
Proof. Reall that, as a vetor spae, Hj+1(q) ≃ ⊕
j−1
k=−1Wk, where Wk is the vetor spae onsist-
ing of elements vσjσj−1 . . . σj−k with v ∈ Hj(q) (the word σjσj−1 . . . σj−k is, by denition, empty
for k = −1); eah Wk is anonially isomorphi to Hj(q) as a vetor spae, the isomorphism is
vσjσj−1 . . . σj−k 7→ v. The Heke versions of the automorphism a and the anti-automorphism b, de-
ned in (6), transform the above deomposition of Hj+1(q) into Hj+1(q) ≃ ⊕
j−1
k=−1W
′
k, where W
′
k
onsists of elements vσ1σ2 . . . σk+1 with v ∈ Hj(q)
↑1
and Hj+1(q) ≃ ⊕
j−1
k=−1W
′′
k , where W
′′
k onsists of
elements σj−k . . . σj−1σjv with v ∈ Hj(q).
The operator Lu (respetively, Lu↑1) ats in eah of the spaes Wk (respetively, W
′
k) separately
and this ation ommutes with the isomorphisms Wk ≃ Hj(q) (respetively, W
′
k ≃ Hj(q)
↑1
). This
establishes (i).
In fat, it was enough to nd the formula for Tr
Hj+1
(Lu); TrHj+1 (Lu) = TrHj+1 (Lu↑1) beause u
↑1
is onjugate to u, σ1 . . . σju = u
↑1σ1 . . . σj , for u ∈ Hj(q).
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(ii) Given a basis {eα} of a vetor spae U we say that the vetor eα (from the basis) does not
ontribute to the trae of an operator X : U → U if Xαα = 0 (no summation), where X
β
α is the matrix
of X in the basis {eα}.
We use the deomposition Hj+1(q) ≃ ⊕
n−1
k=−1W
′′
k . The operator Lσ1σ2...σj maps W
′′
−1 to W
′′
j−1, so
vetors from W ′′−1 do not ontribute to the trae of Lσ1σ2...σj . For 0 ≤ k < j,(
σ1 . . . σj
)(
σj−k . . . σj−1 · σj
)
v =
(
σj−k+1 . . . σj
)(
σ1 . . . σj
)
σjv
=
(
σj−k+1 . . . σj
)(
σ1 . . . σj−1
)(
(q − q−1)σj + 1
)
v
= (q − q−1)
(
σj−k+1 . . . σj
)(
σ1 . . . σj
)
v +
(
σj−k+1 . . . σj
)(
σ1 . . . σj−1
)
v
= (q − q−1)
(
σ1 . . . σj
)(
σj−k . . . σj−1
)
v +
(
σj−k+1 . . . σj
)(
σ1 . . . σj−1
)
v ,
(81)
the operator Lσ1σ2...σj maps W
′′
k to W
′′
j−1 ⊕W
′′
k−1. Therefore, vetors from W
′′
k do not ontribute to
the trae of Lσ1σ2...σj for k < j − 1. For k = j − 1, the omponent L
⋄
σ1σ2...σj
of the operator Lσ1σ2...σj ,
whih maps W ′′j−1 to W
′′
j−1, may have a non-zero trae. This omponent reads, by (81),
L⋄σ1σ2...σj (σ1 . . . σjv) = (q − q
−1)σ1 . . . σjLσ1σ2...σj−1(v) ,
and the assertion (ii) follows.
(iii) Follows from (i) and (ii). 
By (80), the trae of the operator Lx1,n−1 is
Tr
Hn
(Lx1,n−1) =
n−1∑
i=0
n!
(i+ 1)!
(q2 − 1)i . (82)
For the symmetri group Sn, the multipliity of the eigenvalue j of Lx1,n−1 is the number of
permutations in Sn with exatly j xed points [6℄. Reall that the derangement number dn (the
number of permutations in Sn without xed points) is:
dn = n!
n∑
i=0
(−1)i
i!
(83)
and the number dn,j of permutations in Sn with exatly j xed points is
dn,j =
( n
j
)
dn−j ≡
n!
j!
n−j∑
i=0
(−1)i
i!
. (84)
For generi q, the multipliities of the eigenvalues of Lx1,n−1 are the same as for the symmetri group.
By onstrution,
∑n
j=0 dn,j = n!. Thus, to rederive the multipliities we have only to hek that∑n
j=0 dn,jq
1−j[j]q = TrHn (Lx1,n−1), or, expliitly,
n∑
j=0
n!
j!
n−j∑
k=0
(−1)k
k!
q1−j [j]q =
n−1∑
i=0
n!
(i+ 1)!
(q2 − 1)i . (85)
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It is straightforward to verify that both left and right hand sides satisfy the same reurreny relation
in n,
fn+1 = (n+ 1)fn + (q
2 − 1)n , (86)
with the same initial ondition f0 = 0, and thereby oinide.
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